Introduction
There exist several constructions of subfactors using quantum groups and vice versa. The precise relation between this objects is far from being clear. On the other hand examples of subfactors may be constructed from certain combinatorial data, encoded in the so-called commuting squares. Thus one can hope that new examples of Hopf algebras may be constructed by finding factorisations of the form combinatorial data ←→ commuting square ↓? ↓
Hopf algebra
?
−→ subfactor
Such a kind of work was done in our recent papers [2] and [6] for commuting squares related to some statistical mechanical models. In the case of vertex models and spin models, the diagrams look as follows (we mention that the use below of the signs ←→ is not quite correct).
biunitary matrix ←→ vertex model ↓ ↓
Hopf algebra
A. Wassermann type construction −→ subfactor complex Hadamard matrix ←→ spin model ↓ ↓
group-subgroup type construction −→ subfactor Actually to any spin model one can associate a vertex model (this is clear from V. Jones' initial interpretation -in terms of statistical mechanics -of these objects) and the construction of Hopf algebras from complex Hadamard matrices is a particular case of the construction of Hopf algebras from biunitary matrices.
The construction of Hopf algebras from biunitary matrices is a particular case of some more general results from [2] , where the most general situation is treated (the biunitarity condition is replaced by a twisted biunitary condition and also the ground field C is replaced by an arbitrary field k) and where the relation with subfactors is also discussed.
In this paper we present the (shortest version of the) construction of Hopf algebras from biunitary matrices and we give some examples. The construction is explained in §1 and §2, which are self-contained. In §3 we give examples from [2] . In §4 we present the examples coming from complex Hadamard matrices and we introduce a notion of "magic biunitary", which should also give other exotic examples.
This article is based on my talk "Compact quantum groups, subfactors and the linear algebra of certain commuting squares" given at the Brussels conference "Hopf Algebras and Quantum Groups" in June 1998. I wish to thank S. Caenepeel and G. Militaru for the invitation to speak at this conference.
Definitions
A * -algebra is a complex unital algebra A together with an involution * : A → A, i.e. together with a antilinear antimultiplicative unital map * : A → A satisfying * * = id. An element u ∈ A is said to be unitary if uu * = u * u = 1. In what follows M n denotes the algebra of n × n matrices over the complex numbers. We recall that M n has a canonical involution * : M n → M n given by (u ij ) → (u ji ) and a canonical transposition t : M n → M n given by (u ij ) → (u ji ). Definition 1.1. Let n, k ∈ N. An element u ∈ M n ⊗ M k is said to be a biunitary if both u and its blockwise-transpose t u = (t ⊗ id)u are unitaries.
The following three facts are the starting points of theories connecting biunitaries with subfactors, knot invariants and Hopf C * -algebras. I. A unitary u ∈ M n ⊗ M k is a biunitary if and only if the following diagram
is a commuting square in the sense of subfactor theory. In fact the biunitarity condition "u and t u are unitaries" in definition 1.1 should be regarded as a particular case of Ocneanu's biunitarity condition for arbitrary commuting squares (see Ocneanu [14] , see also Jones-Sunder's book [11] ).
II. To any element u ∈ M n ⊗ M k one can associate a 2d vertex model in the following way: there are n spins per vertical edge, k spins per horizontal edge, and u is the matrix of Boltzmann weights. The related numerical invariant for shadows of links is invariant under the type II Reidemeister moves if and only if
If u is unitary then this condition is equivalent to the fact that u is biunitary. See Jones [9] , [10] , see also Bacher-de la Harpe-Jones [1] .
III. Let A u (n) be the C * -algebra defined by generators {v(n) ij } i,j=1,... ,n and the relations making the matrices v(n) and v(n) t unitaries. This C * -algebra has a comultiplication ∆ :
The universal property of A u (n) shows that it corresponds to both notions of "algebra of continuous functions on the quantum (or free) n-th unitary group" and "C * -algebra of the free discrete quantum group on n generators" (see Wang [16] and Van Daele-Wang [15] ). It is clear that an element u ∈ M n ⊗ M k is a biunitary if and only if there exists a morphism of C * -algebras π :
. In the rest of this paper we explain the relation between biunitaries and Hopf algebras. Our starting point will be the above simple fact (III).
First, it is technically convenient to work with Hopf * -algebras instead of Hopf C * -algebras. We are only interested in Hopf * -algebras whose square of the antipode is the identity and we use the following abusive terminology.
Definition 1.2.
A Hopf * -algebra is a Hopf C-algebra (A, ∆, ε, S) with S 2 = id together with an involution * of A such that the comultiplication ∆ and the counit ε are * -morphisms and the antipode S is a * -antimorphism.
Let A u (n) be the * -algebra defined by generators {v(n) ij } i,j=1,... ,n and the relations making the matrices v(n) and v(n) t unitaries. It is easy to construct maps ∆, ε and S which make (A u (n), ∆, ε, S) a Hopf * -algebra. We mention that one can prove that A u (n) is isomorphic to the * -subalgebra of A u (n) generated by the entries of v(n). The following analogue of III is clear.
biunitary if and only if there exists a morphism of * -algebras
Let A be a Hopf * -algebra. We recall that if W be a finite dimensional C-linear space, a coaction of A on V is a linear map β :
Coactions and corepresentations are in an obvious one-to-one correspondence. We prefer to work with corepresentations. The finite dimensional unitary corepresentations of A will be simply called "corepresentations" (there will be no other kind of corepresentation to appear in this paper).
biunitary. Each biunitary arises in this way.
Proof. Form S 2 = id we get that v t is unitary, so (id ⊗ π)v is a biunitary. For the converse one may take A = A u (n), cf. proposition 1.1.
Let u ∈ M n ⊗ M k be a biunitary. We would like to call * -model for u any triple (A, v, π) as in proposition 1.2 (cf. definition 1.1 in [2] ). It is clear that one can always replace A by the * -algebra generated by the entries of v and also that if A is generated by the entries of v then the representation π being uniquely determined by u. Thus we may use the following equivalent definition.
consisting of a Hopf * -algebra A and a corepresentation v ∈ M n (A) whose coefficients generate A, such that there exists a representation π :
The following definition is inspired by definition 1.1 in Woronowicz' paper [18] . Definition 1.4. For any n ∈ N we define a category H n in the following way:
-the objects are pairs (A, v) consisting of a Hopf * -algebra A and a corepresentation v ∈ M n (A) whose coefficients generate A.
-the morphisms between two objects (A, v) and (B, w) are the morphisms of * -
Note that a morphism between two objects (A, v) and (B, w) (if it exists) is unique, and is a morphism of Hopf * -algebras.
The pair (A u (n), v) is a universally repelling object in H n . Since (A u (n), v) is a * -model for any biunitary u ∈ M n ⊗ M k , it follows that it is a universally repelling object in the subcategory of H n consisting of * -models for u. This is an elementary fact, and is just the starting point in the study of the interesting object associated to u, which is the universally attracting object of this category. This definition is obviously based on an existence/unicity result. The existence of the minimal * -model follows by combining the theorems 2.1 and 5.1 in [2] and will be explained in detail in the next sections. The unicity part is clear from the unicity of the morphisms in H n (see above).
Construction of the minimal * -model
We fix n, k ∈ N and a biunitary u ∈ M n ⊗ M k . In this section we give an explicit construction of the minimal * -model for u. We follow the proof of theorem 1.1 in [2] and we make use of some simplifications which are due to the fact that we use biunitary matrices instead of the more general objects considered in [2] .
We use the following standard notations. Let A be a Hopf * -algebra.
-The space A * of linear forms on A has a structure of C-algebra, with product given by the convolution f * g : a → (f ⊗ g)∆(a). The unit of this algebra is the counit ε ∈ A * . -The antipode S : A → A gives rise to a linear involutive map S * : A * → A * given by S * (f ) : a → f S(a). If X ⊂ A * is a subset, we denote by < X > the smallest unital subalgebra of A * which contains X and which is stable under S * . That is, < X > is by definition the unital subalgebra of A * generated by X and S * (X). -If S ⊂ A and T ⊂ A * are subsets we define
The linear maps of the form φπ with φ ∈ M * k are called coefficients of π. The linear subspace of A * consisting of coefficients of π is denoted by C π . The representation tπS : A → M k is denoted by π. If η : A → M l is another representation the tensor product representation (π ⊗ η)∆ : A → M k ⊗ M l will be denoted simply by π ⊗ η.
i.e. is the intersection of the kernels of all tensor products between π's and π's.
Proof. This is clear from definitions and from C η = S * (C η ) for any η.
It is easy to see that for any representation π : A → M k , the linear subspace < C π > ⊥(A) ⊂ A is a two-sided * -ideal and co-ideal (see e.g. the considerations preceding lemma 1.1 in [2] ). Thus the quotient A 1 = A/ < C π > ⊥(A) is a Hopf * -algebra. Proof. Let π : A → M k be the unique representation such that (id ⊗ π)v = u. Since the kernel of π is contained in < C π > ⊥(A) we get a factorisation π = π 1 p, with
Lemma 2.1. Let u ∈ M n ⊗M k be a biunitary and let (A, v) and (B, w) be two * -models for u. Then (A 1 , v 1 ) is isomorphic to (B 1 , w 1 ) .
Proof.
Step I. Let us assume that there exists a morphism q : (A, v) → (B, w). Let π : B → M k be the unique representation such that (id ⊗ π)w = u. It is easy to see from definitions or from proposition 2.1 that
and this proves the lemma under our assumption "∃ (A, v) → (B, w)".
Step II. Let (A, v) and (B, w) be arbitrary * -models for u. By applying step I with (A u (n), v(n)) → (A, v) and with (A u (n), v(n)) → (B, w) we get that both (A 1 , v 1 ) and
Proof. Let (B, w) be an arbitrary * -model for u. We know from lemma 2.1 that (A 1 , v 1 ) and (B 1 , w 1 ) are isomorphic, so the morphism (B, w) → (A 1 , v 1 ) we are looking for is nothing but the canonical morphism (B, w) → (B 1 , w 1 ).
Examples
It is clear from theorem 2.1 that a * -model (A, v) for a biunitary u is the minimal * -model if and only if the canonical map (A, v) → (A 1 , v 1 ) is an isomorphism. Equivalently, if and only if < C π > ⊥(A) = {0}. In this section we study the representations π satisfying this condition and we find a reformulation of theorem 2.1, which leads to the construction of some examples.
All the results in this section follow fairly easily from definitions and also appear (in slightly different forms) in [2] , so we will give no proofs.
The terminology comes from the following basic example. This shows that definition 3.1 should be viewed in general as the definition of a "faithful representation of a discrete quantum group".
At the opposite side we have the following result. group) by g 1 , g 2 , . . . , g k .
representation is inner faithful if and only if G is generated (as a compact
The interpretation of definition 3.1 in terms of "compact quantum groups" in the light of this result is left to the reader.
Let us also mention the following trivial example.
Proposition 3.3. The faithful representations are inner faithful.
The following result is translation/consequence of proposition 1.1 and theorem 2.1. a biunitary and (A, v) is a * -model for it. (A, v) is the minimal * -model for u if and only if π is inner faithful.
Let H be a finite dimensional Hopf * -algebra. If v reg ∈ L(H)⊗H denotes the regular corepresentation then (H, v reg ) ∈ H dim(H) . The regular representation π reg : H → L(H) being faithful, it is also inner faithful, so theorem 3.1 applies and gives the following.
By combining theorem 3.1 with propositions 3.1 and 3.2 one gets easily the following result (see [2] for details).
is a biunitary and its minimal * -model is (CΓ, v)
, where v is the corepresentation diag(u g i ).
(ii) 
Exotic examples
Some more exotic examples come from magic biunitaries. This condition on the entries of u comes from Wang's relations for the WoronowiczKac algebra A aut (X n ) representing the "compact quantum automorphism group of n points" [17] . It also vaguely reminds the condition on the entries of a magic square. The interest in such biunitaries is that the associated Hopf * -algebras have the quite exotic property of coacting on C n .
Theorem 4.1. Let u ∈ M n ⊗ M k be a magic biunitary and let (A, v) be its minimal * -model. Then e i → j e j ⊗ v ji is a coaction of A on C n .
Proof. We recall from Wang [17] that given a pair (A, v) ∈ H n , the linear map β : C n → C n ⊗ A given by e i → j e j ⊗ v ji is a coaction if and only if:
The * -algebra A aut (X n ) presented with generators {p ij } i,j=1...n and the above relations (with p ij at the place of v ij ) is such that (A aut (X n ), p) satisfies definition 1.4. See [17] .
It is clear from definitions that an element u is a magic biunitary if and only if (A aut (X n ), p) is a * -model for u. By using the universal property of the minimal model we get a * -morphism A aut (X n ) → A sending p ij → v ij for any i, j. Since p satisfies Wang's relations, it follows that v satisfies also these relations, so the map in the statement is a coaction.
We recall that a complex Hadamard matrix is a unitary w ∈ M n (C) all whose entries are of modulus n −1/2 . The simplest example is given by w ij = n −1/2 ε ij , where ε is a primitive n-th root of unity. See e.g. [11] . The complex Hadamard matrices give examples of magic biunitaries in the following way. We have u * il = n jk e kj w ji w ki w kl w jl = u il and u il u is = n 2 jkJK (e jk w ji w ki w kl w jl )(e JK w Ji w Ki w Ks w Js ) = n 2 jkK e jK w ji w ki w kl w jl w ki w Ki w Ks w ks = n jkK e jK w ji w kl w jl w Ki w Ks w ks = = δ l,s n jK e jK w ji w jl w Ki w Ks = δ l,s u il A similar comuptation shows that the projections on the columns of u are mutually orthogonal. It remains to prove that the sum of the entries of u on each column/line is one. For, consider the element E = n −1 jk e jk ∈ M n . Then we have:
(e il ⊗ e jk w ji w ki w kl w jl )(e lm ⊗ 1) = ijklm e im ⊗ e jk w ji w ki w kl w jl = ijm e im ⊗ e jj w ji w ji = E ⊗ 1 and a similar computation shows that (E ⊗ 1)u = E ⊗ 1. Since the multiplication to the left/right by E makes sums on lines/columns, the conclusion follows.
As a first trivial example, let n ∈ N and consider the standard n × n complex Hadamard matrix w = n −1/2 (ε ij ) ij , where ε = e 2πi/n . Then u = σ(u) = n Since (C(Z/nZ), v) is the minimal * -model for il e il ⊗ e i−l,i−l , where v = il e il ⊗ δ i−l (cf. corollary 3.2), it is also the minimal * -model for u. It would be interesting to say something on the minimal * -models for other magic biunitaries. We mention that the above elementary result comes in fact from some quite conceptual considerations concerning commuting squares. More precisely, one can show (by routine computation) that the above construction w → u in theorem 4.2 is nothing but the passage from spin models to vertex models. Both theorems 4.1 and 4.2 are predicted by the results in [6] , where the more general case of "quarter-vertex models" is discussed.
See [17] , [4] and [8] for other results concerning the quite mysterious quantum groups acting on n points.
Let us also mention that some other exotic examples of Hopf * -algebras should be those associated to Krishnan-Sunder's biunitary permutation matrices [12] . Some other related exotic examples of Hopf * -algebras (which do not come from biunitaries) should come from Bhattacharyya's combinatorial structures descibing the universal symmetries of the subfactors associated to Krishnan-Sunder's biunitary permutation matrices [7] (cf. the main result in [3] ; see also the comments in the end of §3 in [5] ).
